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Stylised facts

Stylised facts

Statistical properties of key variables in high frequency markets: predictable
behavior of microstructure effects.

Examples:
m News imply peaks of volume and volatility (prices adjust).

m Activity on markets impact other markets (US markets lead the way).
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Stylised facts
U-shape of the traded volume:

m The effect of fixing auctions (more volume). Open: uncertainty on prices and unwind of
overnight positions. Close: funds are benchmarked and market makers unwind.

m Influence from one market to another.
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Figure: Trading volume distribution in the world. Source: (Lehalle and Laruelle 2018).
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Stylised facts
Bid-ask spread and volatility

m The more trades per day, the easiest to unwind inventory — liquidity is cheaper. The more
volatile the asset, the riskier it is to hold inventory.

m Universal relation between b-a spread n and volatility o (see (Wyart et al. 2008)).
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Figure: Source: (Lehalle and Laruelle 2018).
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Stylised facts

Volatility seasonality
m Volatility has seasonality: less intense at the end than at the start of the day.

Volatility
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Figure: Average volatility throughout the trading day. Data is between January and
March 2023
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B.A-spread and volume on the book (Q* + QB) /2)

m BA-spread is large at the start of the day, but finishes small because of market maker
running to get rid of their inventory passively.

m VOB seasonality is the inverse of that of the B.A-spread.
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Figure: Average bid-ask spread and book volume throughout the trading day. Data is
between January and March 2023
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Price predictions
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Asset prices transition through a number of regimes: momentum, mean reversion, and random

walks.

They can be captured with technical indicators (RSI, ADX...).
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Price predictions

The regimes are observed at different time scales (low, medium, and high frequency).

The regimes depend on the asset class (more mean reversion in FX and Bonds markets).
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Price predictions
At high frequency, market operators use directional signals.
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Price predictions

Last but not least: assets are cointegrated, and they exhibit lead-lag relation-
ships.
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Figure: Mid-prices of BNP (left axis) and GLE (right axis) sampled every 60 seconds
during the regular trading hours (09:00-17:30) over August 09 and August 10, 2021.
Source: Bergault et al. 2022.
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The model

m An agent holds an initial position Q, at time t = 0 that they wish to
unwind over a time window [0, T].

m Inventory:

m Price:

dS! = i dt+ kviat+odW;, Sy = So,

m Cash:

Xy = —SVvdt = —(SY +nu) vedt, X§ = Xo.

m Admissible strategies: no unwind constraint.
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The optimization problem

The performance criterion is the CJ type

-
H” (t,x,8,11,9) = Et x.s,.q | X7+ QF (S —a Q) — ¢ / (Qy)? dU] ;
t

where E; x s .. is the expectation conditioned on (with a slight abuse of nota-
tion) X[ =X, St = S, Lt = [, and Qt =q.

The value function H : [0, T] x R* — R of the agent is

H{(t,x,s,11,q) = sup H" (t,x,8,1,q) ,
veA

What do the performance criterion terms represent ?
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The solution

The dynamic programming principle for the value function suggests that H sat-
isfies the HJB:

0= (0 + 30%0ss) H+ L'H — ¢ ¢ (1)
+sup{<—y(8—|—nu)8x+(u+ky)83—|—V6q>H}, )

with terminal condition H(T,x,8,11,q) = X + @S — a g?.

Remember:
dQ;j = Ut at
dSy = pdt+ kv dt + o dW;
axy = —(S¢Y +nuv) vat
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Use the ansatz ...?
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The solution

Use the ansatz ...?

(H(t,x,5,11,9) = X+ s+ h(t,q, 1), |

and write
0= (0 + 30°0ss) H+ L"H — ¢ ¢°
+sup{(—u(8+n1/)8x+(,u+k1/) 83+1/8q)H},

References
o

— 0= (8;—1—%02833)h—l—E“h—¢q2+sup{<—771/2+(u+k1/) q)h}

The HJB becomes

0= 8,h+£“h—¢q2+uq+sup{—171/2—|—1/(kq+8qh)},

with terminal condition h (T, q, u) = —a ¢?.

(3)
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The solution

Next step ?
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The solution

Next step ? The optimal trading speed in feedback form is obtained by solving
the first-order condition and we write

o Katogh "
2n

Substitute to find

(kq+ dgh)®

— |0=0h+L'h— ¢ P+ g+ i
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The solution

Next step ? Due to the existence of a linear and a quadratic term in g in and
the form of the terminal condition of h, we use the ansatz

h(t, 11, q) = ho(t, 1) + q (8, 1) + Q% ha(t, p) -

Substitute to write
(k g+ dqh)?
4n
= (3 + L") ho(t, 1) + q (8 + L) i (t, 1) + G (B + L) ho(t, 1)
(kq+ m(t 1) +2qha(t, p)°
4n
collecting the terms in g, we find the ODE system

0=0h+L'h— ¢ P +puq+

—$q°+pnq+

0= (3t+£”)ho+
0= (8t+£“)h1+u+zh1 (k+2h2)
O= (B+Lr)h—+ 3 (k+2h)?,

subject to terminal conditions hy (T, ) = hy (T, ) =0and ho(T, p) = —
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The solution

The equation in hy contains no source terms in . and its terminal condition does
not depend on p, thus the solution must be independent of . and hy is only a
function of time.

ho solves the (Riccati) ODE
1
0= Mo(t) =6+ 2. (n+2ha(0)

which can be solved explicitly:

1 2y(T-t) A
ho(t) = V91— o — 5K ©

CeZ'y(T—t) 2

where

10} 12‘ +\/77¢
=4/ = d =
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Feynman-Kac

Brief reminder: Feynman-Kac formula.

Assume you wish to solve
(Or+ L) C(t,p) =aC(t,p)+f(tp), withtec. C(T,pn) =0.

Use lto’s lemma to write
-
C(T,u1) = C(t, o) +/ (O + L) C (s, us) ds.
t
Replace the term in 9; + L* so we need to solve

T T
C(T,ur):C(t,m)Jra/ C(s,us)der/ f(s, s) ds
t t

T T
= C(t,m) =Cc—Etyu {a/ C(S,us)ds+/ f(s, ns) ds]
t t
Consider the candidate solution:
. T
C(t,put) =Etp [—/t f(s,us) exp(—a(s— 1)) ds] .

Verify it is a solution, and by uniqueness it is the unique solution.

References
o
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Solution cont.

0= (8t+£“)ho+ hs
0= (81+E“)h1+/,&—|— hy (k+2h2)
0= (a,+z:u)h2—¢+4n (k +2hy)?,

Feynman-Kac for h; and hy

hi(t, 1) =Et l/TeXp {717 /tu (ho(s) + 3k) ds} Ly du] ,

which is simplified to

T e (T—u) _ Cew(T—u)
h1(t7 /14) = _[ (eV(T’) — CGV(Tft) > Et,# [/J'U] au. (6)

and

1 T
o) = - /t By [F(t )] -
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Solution cont.

The optimal adaptive trading strategy is

. ceT=0 4 g=(T-0 . 1 /T <Cew(T—U) _ e—(T—u)
t

_ . 122
VS T e — gm0 A T gy e (T — e (T=D ) B [pu | 7]

Almgren-Chriss strategy speculative component

The second term in the optimal strtegy is a speculative component:

m it adjusts the speed of trading using the weighted average of the future
expected value of the signal 1. over the remainder of the trading window

m the strategy gives more weight to signal values near t, and the
contribution of the expected drift values decreases as it approaches the
trading horizon (because of the terminal penalty).

m When the expected weighted drift is positive, the agent buys the asset.
When the expected weighted drift is negative, the agent sells.

m The speculative component is significant when the ratio 7 is low.
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Imbalance and MACD :

MACD
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Imbalance and MACD signals for AAPL.
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Example of signals: imbalance

An agent wants to use Imbalance or MACD to execute better. They assume the
mean reverting dynamics

dut = —k put + £dBy

where « drives the mean reversion speed to 0.

The solution to the SDE is
S
ps = e 70y, +/ e "¢ aB;,
t

so the expected price drift is
E [ps] FY'] = e Oy,

and the optimal trading speed is

T DT T e
Ve T g0t Tkt | cenT-n — 1

*

vi = e('Y_“)(U_t)dU.
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Resilience
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m Resilience
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Resilience

Market impact in practice: resilience

midprice

t=0
buy MO walks
the book

Bids Asks

t=1
gradual decay

t=2
gradual decay

References
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Resilience

In practice:

m The midprice gradually decays back to its original value.

m The rate at which orders are replensihed is called resilience.

m The frequency at which one sends large MOs is important.
What we assumed:

dst:kl/1+O'th
dXt —1/1(81‘ +7’]l/1‘) at.

The assumption of permanent and temporary market impact implies

m Instantaneous resilience of the LOB.

m Instantaneous permanent impact on the price.

References
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The model

m An agent holds an initial position Q, at time t = 0 that they wish to
unwind over a time window [0, T].

= Inventory:

m Price:

t t
Sl =S+ oW, + k/ vsds +/ h(vs) G(t—s) ds,
N~~~ 0 0

market risk permanent impact transient impact

The function h determines the magnitude of transient impact and the
decay kernel G controls how quickly the impact of trading decays through
time.

m Cash:

X/ = -8/ vidt = — (S + ) medt, XY = Xo.
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The model

The performance criterion

;
H' (t,x,5,.q) = Eoxsq | X7+ Q4 (S%—ao%)—qs/ Q)2 dul |
t

where E; s 4 is the expectation conditioned on (with a slight abuse of notation)
Xi=x,5=S,and @ =q.

The value function H : [0, T] x R® — R of the agent is

H(t7x7s7,u7 q) = sup H” (t,X,S,u, q) ’
veA
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Exponential decay case

m We consider the case of exponential decay and we write for s < t.
G(t - 5) = exp(—B(t — 5))
The parameter p represents the rate of decay.

m We consider a linear instantaneous impact function
h:ve v

The coefficient A determines the distance between the midprices before
and after an MO arrives in the LOB.

m The transient component of the midprice dynamics is now
t
/ Avge P =9) gg.
0

m We define a new state variable /¥, where Iy = 0, that quantifies the
accumulated transient impact:

t
/y:/ Avse P9 ds — [dif =(A\vi—BI) dt, k=0
0

nces
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Exponential decay case

The dynamics of the price are

dSy = dW;+ (Avi— 81 ) o, S = So known.

The performance criterion is

T
Hy(taxasvlaq):]Et,x,s,l,q XT"'Q? (S?_QQ?)_Qb/ (OZ)ZdU ’
t

The value function H : [0, T] x R* — R of the agent is

H(t,X,S, l> q) = sup H” (t,X,S, lvq) .
veA
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Exponential decay case

The dynamcis of the problem are

dQ = v ot
dsy =odW+ (\u—pl) dt
Xy =—(SY +nuw) v dt

dly = —p1I) dt
The HJB is:

1
0=0H— ¢q*+ 502 dssH — B1dsH — B1oH

+sup{xyasH+Aya,H+yaqH_ (S+77y)zx8xH},
u

subject to the terminal condition

H(T,x,S,1,q)=x+qS—adg*

References
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1. Ansatz
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Exponential decay case

The usual steps
1. Ansatz H(t,x,S,1,q) =x+qS+ h(tq,l):
:»ozam_¢qﬁﬁwq_3/ah+wp§/@q+x@h+am)_n#}7
u

subject to the terminal condition
h(T,1,q) = —ad.
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Exponential decay case

The usual steps
1. Ansatz H(t,x,S,1,q) =x+qS+ h(tq,l):
— Ozath—qqu—ﬁlq—ﬁlalh—i—sup{y (S\q+>\8,h+8qh) _ny-?},
u

subject to the terminal condition
h(T,1,q) = —ad.

2. The supremum term can be solved with a FOC. The optimal feedback speed:

. Ag+A0h+9qh
v = s
21

The PDE simplifies to

(Xq+Aa,h+aqh)2
4n

0=8:h—o¢q®>—pB1qg—Blh+

30/37
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Exponential decay case

3. Linear and quadratictermsinqgand | —
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Exponential decay case

3. Linear and quadratic terms in g and / = quadratic polynomial ansatz in
q and [:

h(t,q,1) = A()g? + B(t) gl + C(t) P + D(t) g + E(t) I + F(t),

or equivalently

31/37
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Exponential decay case

Some annoying algebra shows that for all g nad all / :

—( ‘(1) — ¢+—(>\+AB( )+2A(t))2> q

C'(t)—2BC(t) + 1n(2>\C(t)+B(t))2>12

() + 5 AE( ) + D(t)) (X+AB(t)+2A(f))> q

+
‘l'l /‘\/;/‘\/‘\

() + (VE(t) + D(t))*.

References
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B(t)~ 5 — 5 B(t) + 1()\+)\B()+2A(t))(2)\C(t)+B(t))>q/

32/37



Signals and cointegration Optimal trading with predictive signals. Optimal trading with transient impact References
00000000000 0000000000000 00 0000000000000 e00000 o

Exponential decay case

We obtain the following system of ODEs

0= A(t)— ¢+ <A+>\B(t)+2A( ))

Y- (/\+/\B(t)+2A(t)) (2 C(t) + B(1))
C’(T)—2BC() ( AC(t) + B(t))? 9)
D) + 5~ (AE(1) <o) <A+/\B ) +2A())

= E'(t) - BE(t)+ 2. (NE(t) + D(t)) (2 A C(t) + B(t))

0= F(t)+ (AE() + D(t).

Notice that D = E = 0.

SoF=0
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Exponential decay case

The ODEs in A, B, C are a matrix Riccati :

(0="P(t)+Q+ YTP(1) + P(1)Y + P(t)UP(1),|

with terminal condition

References
o

—a 0
P(T): )
0 O
where
— ;!i — £i 42;7 1 )\
Q: ¢+477 2 s Y: ?"7 3 and U:*
_g 0 /2\2 -5 AN )2
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Discussion
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Discussion

m The optimal strategy is

. Ag+X(B(H)g+2C(t) ) +2A(t)q+ B(t) !
- T .

m /Y is deterministic, the strategy also is deterministic.

m The Riccati cannot be solved in closed-form. However, there exists very
efficient approximation techniques.
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Discussion

We sole numerically the Riccati when: T = 1 second, n = 0.01, « = 10, and
Q= 10.

We set a zero permanent impact (k = 0) and zero urgency (¢ = 0).

Inventory (Q} ")

0.0 0.2 0.4 0.6 0.8 1.0
Time (seconds)

Optimal trading curve with transient impact price impact for various values of the
transient impact parameter .
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coefficient 3.
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