Execution with limit orders Market making References
0000000000000 O0OO0O0O0OOO0000000 0000000000 00O000000 o

Market Microstructure and Algorithmic Trading
University of Oxford

Faycal Drissi

faycal.drissi@eng.ox.ac.uk
http://www.faycaldrissi.com

March 2, 2026

1/35


http://www.faycaldrissi.com

Execution with limit orders
®0000000000000000O0OO0O0000000

Trading with LOs

B Execution with limit orders
m Trading with LOs

Market making
0000000000 00O000000

References
o

1/35



Execution with limit orders Market making References
O@0000000000000O0O0OOO0O0000000 0000000000 00O000000 o

Trading with LOs

m We mainly discussed optimal execution strategies that use market orders
(MOs) only.

m Market orders guarantee execution but incur costs in the form of a
bid-ask spread + they adversely impact the price.

m Limit orders are the main type of orders used by traders.

m LOs do not guarantee execution due to price and time priority. But they
do not incur costs.
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Fill probability

m Let S; denote the midprice. Assume an agent wishes to buy g share so
they post a buy LO at the level S; — 6019,

m 0 is the depth of the LO. It measures price improvement.

Post LO at
the best limit

Post LO at
the second
best limit

Figure 18: Limit order book. 3/35
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Fill probability

m The larger the value of 9, the lower the probability that the order gets filled.

m The fill probability depends on the current state of the LOB, and the selling
pressure.

m The deeper the LO is posted, the less likely it is that opposing MOs large
enough to walk the LOB will arrive.
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Figure: Fill probability at different levels of the LOB for multiple shares quoted on
Nasdag. Source: (Arroyo et al. 2023). 4/35
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Fill probability

m Let’s figure out a law for the fill probability

m Let’s assume that the volume of individual MOs is exponentially
distributed with mean volume v = 1/A. The PDF:

—_— A=05
—_— A=10
— A=15

m We assume the LOB, on average, is flat and block shaped, with fixed
height A.

m For an LO posted at depth 4, the probability that an MO is large enough to
fill it is:

P[execution of LO of depth §] = P[v > Ad] = exp {—C 5} :
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The model

m An agent holds an initial position Q, > 0 at time t = 0 that they wish to
unwind over a time window [0, T].

m The agent controls the depth ¢ of LOs (of size 1) continuously sent at
price level S; + 6.

m The agent continuously posts and cancels sell LOs:
At every instant in the trading window [0, T], the agent reassesses market

conditions and the inventory level, cancels any LO resting in the book, and
posts a new sell LO at the optimal depth 6.
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The model

m Market orders at the ask side arrive at a rate \.

m The number of MOs that reached the agent’s LOs at the depth ¢; is

counted with a counting process (Nté)te[o o

m The counting process has intensity A(d) that depends on ¢ and we write

|A(3) = X exp(—r0). | (1)

m « > 0 is the exponential decay parameter. It increases with available
liquidity, and decreases with average trade size.
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m Inventory:

m Cash:
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dS' =odW,

Ot:QO_N;S

aXp = (St + ;) dN?,  Xo € R is known,
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The model

The performance criterion

[E[Xr+ Q7 (St - a Q)] ,|

where

7=TAmin{t: Q@ =0}

The value function

H(t,x,S.q) = sup E¢ x5 [XC + QXS — aQ)],
scA

where E; x s 4 is the expectation conditioned on (with a slight abuse of notation)
Xt:X, St:S,and Qt:q
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Stochastic optimal control of counting processes

Optimal control of diffusion processes

Let (X,“)te[O,T] denote a controlled system with dynamics

References
o

dXtu =u (t, Xtu, Ut) dt+o (t, Xtu, Ut) dW; + ’y(t, Xtu, Ut) dN;l, Xél = Xo,

where NV is a counting process with controlled stochastic intensity

)\%’ = )\ (t, Xtu, U[)

The agent has a performance criterion they wish to maximise

supE[G(XT“)Jr/ F(s,X;’,us)ds] :
ueA 0

where
7=min{T,{t; Xi = X}}.
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Stochastic optimal control of counting processes

We define a class of problems indexed by time:

H(t, x) = sup E;x [G(X“)Jr/ F(s, Xd, us ds]

UEA;

where (X5") follows the dynamics

se(t,T]

aXy = pu(t, X¢, us) ds+ o (s, Xg, us) dWs + v (s, Xg, us) dNg,  X{' = x,

Dynamic Programming Equation: The Hamilton-Jacobi-Bellman equation
(HJB):

OtH(t, X) + supye A (LYH(E, x) + F(t, x,u)) =0

subject to the terminal conditions H(T, x) = G(x), H(t, X) = G(X)

where L{ is the infinitesimal generator of the process X;*“.
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Stochastic optimal control of counting processes
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For the diffusion / jump process

aX{ = p(t, X up) dt +o (8, X, ur) dWe +~ (8 XE u) dNE, X5 = Xo,

the infinitesimal generator acts on functions H as follows:

LYH(tx) = p(t,x,u)OxH(t,x) + So(t, x, u)? 92 H(t, X)
+A(t x, u) [H(E, x +~(t, x, u)) — H(t, x)]
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The solution

Our dynamics:
dSy =odW;
dQ; = —aNy}
dX? = (St+d) dNp.

The value function solves the following dynamic programming equation (DPE):

References
o

1
OtH + EozassH

+supqre”  [H(t,x+(5+6),5,g—1) — H(t,x,S,q)] =0,
s

change in the agent’s value function when an MO fills the agent’s LO

with boundary conditions
H(t, x,S5,0) =x,
H(T,x,5,Q) =x+q(S—aq).

The HJB is a non-linear partial integral differential equation (PIDE).
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The solution

Next step?
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The solution

Next step?
Use the ansatz

‘H(t,x,S,q):x+qS+h(t,q).‘

Substitute into the PIDE and find that h(t, q) satisfies

dth+ sup; {Ae ™[5+ h(t,q— 1) = h(t.q)]} = O,
h(t,0) = 0,
h(Tvq) = _an'
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The solution

Next step ?
We can solve the sup term with a first order condition:

0=20s{\e"™ [§+h(t,q—1) - h(t,q)]}
=\ (—ke ™[5+ h(t,q—1) — h(t,q)] + e~ )
—xe " (—k [§+ h(t,q—1) — h(t,q)] + 1),

so the optimal depth ¢* in feedback form is given by

5(t,0) = -+ [(t,0) ~ h(t, g~ )],
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The solution

The optimal depth ¢* is given by

5(t,0) =~ +1h(t,q) — (t.q - 1)].

Some comments:

m The term 1/« optimises the instantaneous expected profits from sells one
share.

m the expected price improvement from selling one share is S + 4, minus the
cost S:
(S+6—-8)AN)=6de "°,

whose maximum is reached for § = 1/x.

m the term h(t, q) — h(t, g — 1) can be interpreted as an additional wealth
that the agent demands for changing their value function.
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The solution

Next step ?
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The solution

Next step ?

We substitute § in the DPE: Substitute the optimal depth in feedback form into
the DPE to obtain the DPE for h(t, q)

oh + %exp{—n[h(t, q)— h(t.q—1)]} =0, (4)

where A = \e™ 1,
subject to boundary conditions h(t,0) =0, h(T,q) = —aq?.

This is a coupled system of ODEs because q live on the grid {0,..., Q}.
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The solution

Next step ?

18/35



Execution with limit orders Market making References
000000000O0OOOOO000000e000O00 0000000000 00O000000 o

The solution

Next step ?

We use the ansaiz

1
h(ta q) = E |ng(t7 q)7

so the new equation in w is

0=0h+ %exp{—,‘i [h(t,q) — h(t,g—1)]}

_ 16[W(t, Q) )\W(t,q—1)

ok w(t,g) ok w(tQ)

)

which simplifies to

Ow(t,q) +Aw(t,g—1) =0,

with terminal and boundary conditions
w(T,q) = e"ed and w(t,0)=1.
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The solution

The simple equation can be solved:

t — : & —ra(q—n)? T—H"
A=Y e (T—1.
n=0

Use anastzs and feedback formula to find the optimal strategy.

h(t.q) = llogw(t,q)
§*(t,q) = L +I[h(t.q)—h(t,q—1)

a X\ a—ka(g—n)? T_ "
e t
1+ log n=0_nl ( )

— |5*(t.q) =
| Yo e (T -]

K
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Discussion
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Dependence of the quotes over time and inventory:

a=10"* a=10"3
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Figure: Optimal depth §* of the agent’s sell LOs as a function of time for different values
of the inventory. The parameters are A = 50, T = 1 minute, x = 100, and Qy = 5.
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Discussion

Dependence of the quotes over the model parameters:

0.030 4 0.12 A
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<
a 0.08
[
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g 0.06
2
o 0.015 0.04 1

0.010 0.02 A
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Figure: Optimal depth 6* of the agent’s sell LOs as a function of time for different values
of the inventory. The parameters of the left panel are t = 0.8 minutes, T = 1 minute,
k=100, a = 107*, and Qy = 5. The parameters of the right panel are t = 0.8 minutes,
T =1 minute, A = 50, « = 107, and Qy = 5.
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OTC markets

m OTC markets are off-exchange “quote-driven” markets that are based on
a network of market makers that set prices at which liquidity takers can
trade.

m To set prices, liquidity providers in OTC markets constantly stream bid and
ask quotes.

m They also respond to requests made by their clients: Request For Quotes.

m Market makers in OTC markets compete for clients.
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OTC markets

Let’s find a model for competition among market makers in OTC markets:

m Assume a market maker observes the midprice S; of an asset and
streams bid and ask quotes S; — 5;’ and S; + 63,

m Assume A is the intensity of the selling trading flow that a market
maker would receive if the price of liquidity 6° at the bid is zero.

m Similarly, A\? is the baseline intensity of the buying trading flow.

m The buy/sell trading flow is sensitive to the price of liquidity §2:2:

Pexecution of receiving an order at the bid/ask] = exp { —x>?4} |.

m Intensity of order arrival at the bid/ask for the market maker:

)\b,a exp {_ﬁb,a 5b,a} i
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The model

Setup

m A market maker (MM) operates in an OTC market for a trading period
[0, T] (usually one trading day).

m They are in charge of streaming bid/ask quotes for a single asset whose
midprice is modelled by the process S.

= The agent controls the depths ¢° and 62 of the bid and ask quotes S — 6°
and S; + 62 that they propose around the midprice S.

m At every instant in the trading window [0, T], the MM reassesses market
conditions and the inventory level and streams new quotes S; — §? and
St + 6?
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m The baseline intensity of order arrival at the bid side is \? and at the ask

side is \2.

m Two counting (controlled) processes Nf”‘s and N*° model the number of

sell orders and buy orders, respectively, that the market maker fills.

m The orders arrive at Poisson times with intensities AP(5°) and A2(52):

AP(50) =
A3(59) =

)\b efnb 5°

a o—k?6°
A2 gr" 8"

(5)

m xP, k2 > 0 are the rates of decay of the sell and buy pressure, respectively,

as a function of the price of liquidity.
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The model

Inventory

m The MM manages inventory risk: they choose boundaries on how long or
short their position is in the security.

m Let Q denote the MM’s inventory. The MM chooses g < 0 and g > 0 such
that they fill trades only when the inventory satisfies Q € (g, q).

m We modify the intensity functions above and we set

No(§P) = Abe 0" 14 5
N(5%) = Ne 10,

= The inventory Q and the boundaries g, g are integers that represent a
number of shares.
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Dynamics

m Price:

dSt=cdW;, Sy e R, isknown,

m Inventory:

dQ) = dN>P — dN>2,  Qf =

m Cash:

References
o

dX} = — (St — 6?) dNPP + (Sp+6P) dNJ®, X¢ = Xo € R know.
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The model

The performance criterion

-
H’(t,x,8,q) = Etx.q5 | X7 + QF(S} — aQF) — ¢/ (Qu)sz] ;
t

where o > 0 is the terminal penalty from liquidating any remaining inventory,
¢ > 0 scales the quadratic running inventory penalty.

The value function

H(t,x, S,q) = sup H(t, x, S, q),
sje A

where E; x s 4 is the expectation conditioned on (with a slight abuse of notation)
Xt:X, St:S7and Qt:q.
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The solution

The dynamics are

dSt =0 dW[
dQ) = dN;® - dN;?
aXP =~ (Si—3p) ANP® + (S +0p) oV

The HJB is

0= BIH(tv X, q, S) + %02 8SSH(t7 X, q, S) - ¢q2
+Asup {7 (H(t, x + (S +8%),a = 1,8) = H(t,%,0,5)) } Ta>q
52 -

+ )\bs(;lbp e_"‘b‘sb (H (t,X —(S— 5b),q+ 1,S> — H(t, x,q, S))} 19<3

subject to the terminal condition

H(T,x,S,9)=x+gS—adg*

References
o
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The solution

Next step? Propose the ansatz

‘H(t,x,q,S):x+q8+h(t,q).‘

So
H(t,x+(S+6%),9—1,S) — H(t,x,9,8) =x+ (S+ 6% +(q—1) S+ h(t,g—1)
—Xx—-qS—h(t,q)
=6%+ h(t,q — 1) — h(t,q)
H(t,x+(3763),q+1,8)fH(t,x,q,S) :6b+h(t7q+1)7h(t7q)

Substitute in the HJB and find

0= ih(t, @) — 667 + X?sup { e (62 + h(t, g — 1) = h(t,q)) } Ta>q (7a)
54 B
+)\bsup e_"ib‘sb (6”+h(t,q+1) — h(t, Q))}1q<67 (7b)
sb
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The solution

Next step ? Solve the supremum to obtain the optimal feedback distances §2*
and §%*:

1 7
8P*(t,q) = = — h(t,g+ 1)+ h(t,q), q+#7, (8a)
K

2 (tg) = = — h(t.g— 1)+ h(t.q). q#4q (8b)
K

m The first components 1/x%? optimise the instantaneous expected profit
from a roundtrip trade: the expected profit from a roundtrip trade is

6% NP(6P) 4 62 N3(57)

which is maximal for 6° = 1/x and 62 = 1/,

m The first component corresponds to the optimal strategy of a market
maker who does not penalise inventory.

m The second component is related to changes in the value function due to
an inventory change after trades are filled.
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The solution

m Assumption: the intensity functions A® and A? decay at the same rate

k=K% = kb

m We propose the following ansatz

1
h(ta q) = E |ogw(t, q)a

m The HJB simplifies to

0 =0w(t,q) — ¢k G°w(t, q)
+e N w(t,g—1)1gg+e Nw(t,g+ 1)1,

subject to the terminal condition

w(T,q) =exp(—ka qz).
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The solution

The equation
0 =0w(t,q) — ¢k q°w(t, q)
+e N w(t,g—1)1gsq+ e "Nw(t,g+1) 14,
is a system of ODEs:
m The inventory g can only take the values {g,g+1,...,9—1,G},

m For a fixed time ¢, w(t, @) can only take the finitely many value
{w(t,q),w(t,g+1),...,w(t,g—1),w(t,q)}.

m Define the vector w(t) = (w(t, @), w(t,g+1),...,w(t,G—1),w(t,q))".

m wsolvesthe ODE |0 = gw(1) + Aw(1),|

_¢Hq25 I: q’
)\a 6717 i: q - 13
where A € Mg_q.1 (R) and A; 4 =
- Noe=1 i=q+1,

0, otherwise,
33/35
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The solution

The solution to the first-order homogeneous matrix ODE is straightforward:

(w(t) = exp(A(T-1) 2,

where the vector z is (@ — g + 1)—dimensional that writes

z— (efaliqz e—anaz)T
= T, .
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Optimal distances 6% and 6% in as a function of model parameters for different values

of the inventory. The default parameters are A =50, T = 1 minute, ¢ = 2 X 1073,

x =100, and Qy = 5. The terminal time is T = 30 minutes and the terminal penalty is

a=10"%
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[4 Arroyo, Alvaro, Alvaro Cartea, Fernando Moreno-Pino, and Stefan Zohren
(2023). “Deep Attentive Survival Analysis in Limit Order Books: Estimating
Fill Probabilities with Convolutional-Transformers”. In: Available at SSRN.
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