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OTC markets

m OTC markets are off-exchange “quote-driven” markets that are based on
a network of market makers that set prices at which liquidity takers can
trade.

m To set prices, liquidity providers in OTC markets constantly stream bid and
ask quotes.

m They also respond to requests made by their clients: Request For Quotes.

m Market makers in OTC markets compete for clients.
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OTC markets

Let’s find a model for competition among market makers in OTC markets:

References
o

m Assume a market maker observes the midprice S; of an asset and
streams bid and ask quotes S; — 5;’ and S; + 63,

m Assume A is the intensity of the selling trading flow that a market
maker would receive if the price of liquidity 62 at the bid is zero.

m Similarly, A\? is the baseline intensity of the buying trading flow.

m The buy/sell trading flow is sensitive to the price of liquidity §2:2:

Pexecution of receiving an order at the bid/ask] = exp { —x>?5} |.

m Intensity of order arrival at the bid/ask for the market maker:

)\b,a exp {_ﬁb,a 5b,a} i
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The model

Setup

m A market maker (MM) operates in an OTC market for a trading period
[0, T] (usually one trading day).

m They are in charge of streaming bid/ask quotes for a single asset whose
midprice is modelled by the process S.

= The agent controls the depths ¢° and 62 of the bid and ask quotes S — 6°
and S; + 62 that they propose around the midprice S.

m At every instant in the trading window [0, T], the MM reassesses market
conditions and the inventory level and streams new quotes S; — §? and
St + 6?
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The model

Order arrival

m The baseline intensity of order arrival at the bid side is \? and at the ask
side is \2.

m Two counting (controlled) processes Nf”‘s and N*° model the number of
sell orders and buy orders, respectively, that the market maker fills.

m The orders arrive at Poisson times with intensities AP(5°) and A2(52):

(1)

Ab(6b) = AP e—r"8°
A3(53) = \@ e—r*o° ;

m x° k2> 0 are the rates of decay of the sell and buy pressure, respectively,
as a function of the price of liquidity.

5/33



OTC Market making Statistical Arbitrage References
0O00000e0000OOOOOOO0O 00000000000 0000O0O00O000 o

The model

Inventory

m The MM manages inventory risk: they choose boundaries on how long or
short their position is in the security.

m Let Q denote the MM’s inventory. The MM chooses g < 0 and g > 0 such
that they fill trades only when the inventory satisfies Q € (g, q).

m We modify the intensity functions above and we set

No(§P) = Abe " 0" 14 5
N(5%) = Ne 10,

m The inventory Q and the boundaries g, g are integers that represent a
number of shares.
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The model
m Price:

dSt=cdW;, Sy € R, isknown,

m Inventory:

dQ) = dN>P — aN>,  Qf =

m Cash:

dX} = — (St — &) dNPP + (Sp+6P) dNJ®, X¢ = Xo € R know.
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The model

The performance criterion

-
H’(t,x,8,q) = Etx.q5 | X7 + QH(S} — aQF) — ¢/ (Qu)sz] ;
t

where a > 0 is the terminal penalty from liquidating any remaining inventory,
¢ > 0 scales the quadratic running inventory penalty.

The value function

H(t,x, S,q) = sup H(t,x, S, q),
sje A

where E; x s 4 is the expectation conditioned on (with a slight abuse of notation)
Xt:X, St:S7and Qt:q.
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The solution

The dynamics are

dSt =odW,
dQ} = dN}* —dN;}?
dX{ = — (S —6P) NP + (S¢ + aP) dN??

The HJB is
0= 0H(t,%,0,5) + 3o° DosH(t,%,4,5) ~ 667 (2a)
+S¢I$Jap{ (H( ’ ) ) )7H(t7X7 q, S))} ? (2b)
+S(l;ap{ (H( 5 ) 3 )_H(t1X7q7 S))} ?7 (20)

subject to the terminal condition

H(T,x,S,9) =x+qgS—ad
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The solution

The dynamics are
dSt =0 dW[

dQ} = dN™ — dN>@
dX} = — (St —4P) dNPP + (S;+ o) dN?

The HJB is

]
0=0;H(t,x,q,S) + 502 dssH(t,x,q,S) — ¢ ¢

+Asup {7 (H(t, x + (S +8%),a = 1,8) = H(t,%,0,5)) } Ta>q
é6a -

+ )\bs(;lbp e_"‘b‘sb (H (t,X —(S— 5b),q+ 1,S> — H(t, x,q, S))} 19<3

subject to the terminal condition

H(T,x,S,9)=x+gS—adg®
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The solution

References

Next step? Propose the ansatz

‘H(t,x,q,S):x+q8+h(t,q).‘

So
H(t,x+(S+6%),9—1,S) — H(t,x,9,8) =x+ (S+ 6% +(q—1) S+ h(t,g—1)
—Xx—-qS—h(t,q)
=6%+ h(t,q — 1) — h(t,q)
H(t,x+(3763),q+1,8)fH(t,x,q,S) :6b+h(t7q+1)7h(t7q)

Substitute in the HJB and find

0= ih(t, @) — 667 + X?sup { e (62 + h(t, g — 1) = h(t,q)) } Ta>q (42)
54 B
+)\bsup e_"ib‘sb (6”+h(t,q+1) — h(t, Q))}1q<67 (4b)
sb
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The solution

Next step ? Solve the supremum to obtain the optimal feedback distances §2*
and §%*:

1 7
8P*(t,q) = = — h(t,g+ 1)+ h(t,q), q+#7, (5a)
K

2 (tg) = = — h(t.g— 1)+ h(t.q). q#4q (5b)
K

m The first components 1/x%? optimise the instantaneous expected profit
from a roundtrip trade: the expected profit from a roundtrip trade is

6% NP(6P) 4 62 N3(57)

which is maximal for 6° = 1/x and 62 = 1/,

m The first component corresponds to the optimal strategy of a market
maker who does not penalise inventory.

m The second component is related to changes in the value function due to
an inventory change after trades are filled.
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m Assumption: the intensity functions A® and A? decay at the same rate

k=K% = rKb..

m We propose the following ansatz

1
h(ta q) = E |ogw(t, q)a

m The HJB simplifies to

0 =0w(t,q) — ¢ K G°w(t, q)
+e N w(t,g—1)1gg+e Nw(t,g+1) 15,

subject to the terminal condition

w(T,q) =exp(—ka qz).
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The solution

The equation
0 =0w(t,q) — ¢k q°w(t, q)
+e N w(t,g—1)1gsq+ e "Nw(t,g+1) 14,
is a system of ODEs:
m The inventory g can only take the values {g,g+1,...,9—1,G},

m For a fixed time ¢, w(t, @) can only take the finitely many value
{w(t,q),w(t,g+1),...,w(t,g—1),w(t,q)}.

m Define the vector w(t) = (w(t, @), w(t,g+1),...,w(t,G—1),w(t,q))".

m wsolvesthe ODE |0 = gw(1) + Aw(t),|

_¢ R qza I = q’
/Xa 694717 i - (7 - 13
where A € Mg_g.1 (R) and A; 4 =
- N1 i=q+1,

0, otherwise,
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The solution

The solution to the first-order homogeneous matrix ODE is straightforward:

(w(t)=exp(A(T-1) 2,

where the vector z is (@ — g + 1)—dimensional that writes

z— (efaliqz e—aﬁaz)T
= T, .
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Discussion

m Quotes as a function of inventory ?
m Quotes as a function of decay « ?

m Quotes as a function of inv. penalty ¢ ?
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inventory decay inv. penalty baseline intensity
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Optimal distances 6% and 6% in as a function of model parameters for different values

of the inventory. The default parameters are A =50, T = 1 minute, ¢ = 2 X 1073,

x =100, and Qy = 5. The terminal time is T = 30 minutes and the terminal penalty is

a=10"%
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Assets are cointegrated, and they exhibit lead-lag relationships.

2021-08-09 2021-08-10
] €54.25 - €27.60
€54.20 L €97.60
4.00 4
n, €54.00 A [ €54.00 m
Z =z - €27.40 3
5 - €2740 0 o €53.75 o ]
€53.80
€53.50 - €27.20
€53.60 - ! - €27.20 . . I
09:00 12:00 15:00 18:00 09:00 12:00 15:00 18:00

Mid-prices of BNP (left axis) and GLE (right axis) sampled every 60 seconds during the

regular trading hours (09:00-17:30) over August 09 and August 10, 2021. Source:
(Bergault et al. 2022).
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Cointegration

When assets co-move together, it is key to
m Manage risk at the portfolio level.
m A position that is risky in one asset can be offset by another position.

m Liquidity should be managed at the portfolio level: impact in one asset
leads to impact on another asset.

The new FRTB (Fundamental Review of the Trading Book) regulation will lead
practitioners to assess liquidity risks within a centralised risk book for capital
requirements.
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Cointegration

We consider a market with d € N* assets.

A classical model for cointegration is the multi-OU process

dS; = R(S — S;)dt + VaWw,

m S represents the unconditional long-term expectation of (St)teqo, -
m R steers the deterministic part of the process: mean reversion.
m V drives the dispersion. ¥ = VVT is the covariation matrix of the process.

OU processes are well suited when prices exhibit mean reversion and/or when
there exist one or several linear combinations of asset prices that are stationary
(cointegration).
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The model

Setup

m We consider a market with d € N* assets.

m A trader wishes to liquidate their portfolio over a period of time [0, T], with
T>0.

m The inventory process Q = (Q;, ..., Q)" evolves as
dQ; = vidt,| Qy € RY given

m The fundamental prices of the d assets are a d-dimensional OU process
S=(S},...,5%)" with dynamics

dS; = R(S — S;)dt + VdW;, S, € RY given

where R € My(R), V € Mg k(R).
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The model

m The price is linearly impacted. We define the market price
~. ~. ~. T
8= (5.....8) with dynamics:

dS; = dS; + Kwat,

where K € S4(R) is the permanent impact matrix.

m X; is the trader’s cash account

dX; = —v] Sidt — v v,

where n € S (R) is the cross-impact matrix.
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The model

The performance criterion

525‘ E [— exp (—*y ()N(T + Q}ér - Q}F QT)” ,
where [ € SJ(R).

An equivalent problem if we assue I' = " — 1K € ST(R)

References
o

T T
5(T+Q;ST—Q;FQT:5<0+Q(§SO+/ Q,TdSt—/ Vvt — QIF Qr
0 0

T T
:x0+ogso+/ o;dst+/ QT Kt
0 0

.
7/ vipvadt— QI Qr
0

=XT+O}ST—Q;(f_;

where

‘dX, = V] St — anvdt.\

K) Qr - L QFK,
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The model

Performance criterion is now

sup Etxqs[—exp (—y (Xr+ QFSr — QrT Qr))].

ve

The value function of the problem u: [0, T] x R x R? x RY — R is

U(t, X,q, S) = sup Et,x,q,s [— exp (—’7 (XT + (QT)TST - Q7 QT))] .

veA;
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The solution

The dynamics are
th = tht,
dS; = R(S - Sy)dt + Vaw,,
CDQ = —-ngﬁCﬁ-— VJ77tht

The HIB is

0 =W+ sup (—(vTS—+ L(v))dxw + vIVqw)
veR?

— 1
+(S—8)TRTVsw + éT&" (£D5sw), (7a)

with the terminal condition

w(T,x,q,8) = —exp(—v(x+q's—q'q)) V(x,q,8) € RxRY xR
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The solution

Next step ? Use the ansatz

w(t, x,q,8) = —exp(—y(x +q"s+6(t,q,s))), (8a)
Y(t,x,q,8) € [0, T] x R x R??, (8b)

which simplifies the HJB to find
1
0 =00+ sup (VIVq0 — L(v)) + 5 Tr (XD540)
veRY 2
— 2(q+ VsO)TE(q+ Vsb) + (S = S)TRT(Vsf +q)
with terminal condition

0(T,q,8) = —q'Tq V(g,s) € R xRY,
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The solution

Next step ? Solve the sup term

0 =00 + %vqun*1vq9 + %Tr (XD3s0) (9a)

— 2(q+ VsH)TE(q+ V) + (S — S)TAT(Vst + q),

Next step ?
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The solution

Next step ? Solve the sup term

0 =00 + %vqun*1vqe + %Tr (XD3s0) (9a)

— 2(q+ VsH)TE(q+ V) + (S — S)TAT(Vst + q),

Next step ? Use the ansatz
0(t,q,8) = qTA(H)g+ q"B(t)s + sTC(t)s + D(t)Tq+ E(t)Ts + F(t)
or equivalently

0(t,q,5) = (Z) P(1) (Z) + (ZiD (Z) +F(t),

Py [ AO 1B(1)
mBoT oo )

where
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The solution

Many calculations later, we find that D, E, and F satisfy linear ODEs — a
solution exists.

A 1B - o
P= satisfies the Matrix Riccati ODE:
1B ¢

(P'(1) = Q+ YTP(t) + P(1)Y + P(1)UP(1), |

7~ R 0 O
€ S2d(R), Y = € Maoq(R),
RT O v~ R

_n—1 0
u=|{" € Spa(R),
0 2~y

where

Q:

N —
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Stat. arb. with mean reversion

Mean-reverting asset

FX futures contract CDU1 on the currency pair Canadian Dollar (CAD) / US Dol-
lar (USD) that is exchanged on the Chicago Mercantile Exchange.

11/08/2021 12/08/2021 13/08,/2021
02:00 — 16:00 02:00 — 16:00 02:00 — 16:00
$30000 R E
8 $79900 E E
&
$79800 R E
= CDU1
$79700 E 1

T T T T T T T T
02:00 08:00 14:00  02:00 08:00 14:00  02:00 08:00 14:00
Time Time Time

Figure: Mid-price of CDU1 sampled every 60 seconds during the regular trading hours
(02:00-16:00 CT). Top left: August 11, 2021. Top right: August 12, 2021. Bottom:
August 13, 2021.

A trader wishes to profit from mean reversion.
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Stat. arb. with mean reversion

Atime discretisation of an OU is an Auto-Regressive model of order 1, or AR(1).
The parameters are estimated with a least squares regression using data of the
two first days.

Parameter Value
T 1 day
Qo 0
So $79835
R 5.1 day~!
S $79887
o 243.67 $ - day 2
n 5.1073$ - day
$100
~ 2.10-5¢~"

Table: Value of the parameters.
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Stat. arb. with mean reversion

Asset price

F $79900

= CDUl = §

- $79800

Inventory

r —200

PnL

[ $40000

- $20000

r 80

T T T T T T T
0.00 0.15 0.30 045 060 0.75 0.90
Time

Top: CDU1 price trajectory on August 13, 2021 — (St)ic(o,r;- Middle: Trajectory of the
inventory when using the optimal strategy starting from Qo = 0 — (Qt)c[o, - Bottom:
Corresponding trajectory of the PnL — (X; + Q:St)icpo, -
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2021-08-09 2021-08-10
. ¥ €54.25 | e27.60
€120 I €27.60
o 500 o o 651004 ‘ m
= ) 5 & I e27.40 8
&) [ €2740 O @ €53.75 S}
€53.80 -
€53.50 - I €27.20
€53.60 Lt I I I €27.20 I I !
09:00 12:00 15:00 18:00 09:00 12:00 15:00  18:00
2021-08-11 2021-08-12
€55.00 i | €27.70
BNB €54.80
I €27.60 F €27.60
& €54.50 =g €5460 1 5
A S I e27.50 ©
I €27.40 €54.40 -
€54.00 - — GLE I €27.40
T T T T T T
09:00 12:00 15:00  18:00 09:00 12:00 15:00  18:00
2021-08-13
L €27.70
€54.75 -
I €27.60
& er <)
€54.50 - ]
z b e2750 B
495
oL I €27.40
T T T
09:00 12:00 15:00  18:00

Mid-prices of BNP (left axis) and GLE (right axis) sampled every 60 seconds during the regular

trading hours (09:00-17:30) over the week August 09-August 13, 2021.
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Stat. arb. with pairs trading

The space of cointegration vectors is spanned by (1, —3.46).

MOU in discrete-time is a VAR(1) model. We use least-squares again:

Parameter Estimate

0.33 3.95 4

R day
—-2.52 10.23

3 (§1,§2) — (54.23,27.45)
0.47 0.20 »

> 2. day
0.20 0.14

Table: Multi-OU estimated parameters for the pair (BNP, GLE).
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Spread

€0.25
- ($'—5') —3.46(52 -5
€0.00 ——— e
€-0.25
T T T T T T T
Inventories
04 /%C
—10000 4= BNP = GLE ~3,46'BND -~
T T T ~— T T T
PnL
€1000
€0
T T T T T T T
0.00 0.15 0.30 0.45 0.60 0.75 0.90
Time

Top: Trajectory of the spread on August 13, 2021 — ((S] — S') — 3.46(S2 — §2)),E[O,T].
Middle: Trajectory of the inventories when using the optimal strategy corresponding to

the estimated multi-OU process with y = 21073 ~1 — (Qt)tefo, 7 Bottom: Trajectory of
the PnL — (Xt + Q;St)ge[(),r].
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[4 Bergault, Philippe, Faycal Drissi, and Olivier Guéant (2022). “Multi-asset
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